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The brittle and unstable debonding failure in concrete beams strengthened with externally bonded com-
posite materials is dynamic by nature. This paper studies the dynamics of the debonding process in the
externally strengthened beam. The paper adopts an analytical approach and presents a high order model
that combines the dynamic response with the consideration of the interfacial debonding process. The lat-
ter aspect is introduced using a coupled cohesive interface formulation that is implemented in the
dynamic model of the layered beam. The study focuses on the role of the dynamics in the debonding
behavior and highlights two sides of this interaction. The ﬁrst one is the impact of the debonding process
on the evolution of a dynamic response. The second one is the impact of the dynamic structural response
on the initiation, growth, duration, and stability of the debonding process. The two aspects are high-
lighted through a numerical study of a cracked beam strengthened with a composite layer. The numerical
study quantiﬁes the dynamic debonding process in terms of the variation of the load, displacements,
stress resultants, stresses in the adhesive layer, and interfacial tractions across the cohesive interface
in time. It also monitors the movement and the velocity of the debonding front during the failure process.
Finally, it examines the impact of the loading rate on the dynamic interfacial process. Concluding remarks
regarding the role of the dynamic effects in the debonding mechanism and its impact on the strengthened
beam close the paper.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The modern transition from metallic structural elements to
composite ones is an interdisciplinary trend that affects modern ci-
vil, marine, automotive, and aeronautical engineering. This process
accelerates the use of layered structural components made of high
performance ‘‘engineered’’ materials and the use of bonding tech-
niques for joining elements together. An interesting form of this
trend is found in the use of high strength and lightweight compos-
ites for the strengthening of existing structural elements. This
application is characterized by bonding of signiﬁcantly dissimilar
materials. In civil engineering structural upgrades, it uses thin
externally bonded layers of ﬁber reinforced plastic (FRP) compos-
ites for the strengthening of existing masonry, steel, timber, and
reinforced concrete structures.
The adhesively bonded assembly of dissimilar materials yields a
composite structure that is prone to debonding failures. These pro-
cesses are governed by the initiation, growth, and, in many cases,
instability, of an interfacial crack. Since the structural performance
of the element critically depends on the ability to transfer stresses
between the layers, the debonding mechanism usually lead to a ra-
pid and brittle failure of the element. This observation is supportedll rights reserved.by many experimental studies that report on brittle, unstable,
rapid, and catastrophic debonding failures in concrete beams
strengthened with externally bonded composite materials (see,
for example, Rabinovitch and Frostig 2003). Instability of the
debonding processes is also reﬂected by many analytical and
numerical simulations of the failure mechanism, see, for example,
Carpinteri et al. (2009a,b), Rabinovitch (2008a,b). These studies
reveal that the process is governed by a limit point that is followed
by a snap unstable behavior.
The experimental and analytical observations indicate that the
debonding process is dynamic by nature. The dynamic debonding
is directly relevant to cases where the external load is applied
dynamically (see for example Erki and Meier 1999). However,
due to the limited plasticity and ductility of the materials involved,
it also holds true for cases of quasi-static external loading (see the
discussion in Rosakis and Ravichandran 2000). In these cases, the
debonding process itself and the corresponding re-distribution of
strength and stiffness trigger the dynamic response. In light of
the dynamic nature of the debonding mechanism in the FRP
strengthened beams, and in spite of its wide-ranging handling
using static analytical and numerical tools, this process has to be
addressed in a dynamic framework. The present paper faces this
challenge.
One of the leading modern tools for the handling of debonding
phenomena is the cohesive interface approach. In this interface,
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functions of the displacement jumps (separation and slip) across
the interface. In response to a monotonic increase of the displace-
ment jumps, the shear and the normal tensile tractions ﬁrst in-
crease but then decrease and vanish (Xu and Needleman 1994).
In case of negative normal displacement jumps, the normal com-
pressive tractions rapidly grow. The cohesive interface therefore
models the entire spectrum of interfacial conditions ranging from
perfect bond to complete separation without modifying the struc-
tural scheme.
The cohesive interface concept is extensively used for the mod-
eling of debonding in structures. The majority of these models fo-
cus on the static case. Among the smaller number of studies that
focus on the dynamic effects, two general approaches are found.
The ﬁrst, classical, one uses a rate independent cohesive interface
and introduces the dynamic effects through the inertial response
of the debonding components (see, for example, Xu and Needle-
man 1994; Camacho and Ortiz 1996; Falk et al. 2001; Zhang and
Paulino 2005).
The second approach incorporates rate-dependent effects in the
cohesive interface itself. For example, Geissler and Kaliske (2010)
and Geissler et al. (2007) present a viscoelastic cohesive model
with generalized Maxwell elements introducing the crack opening
rate-dependency of the traction separation laws. This model uses
stiffness and strength scaling based on the crack opening velocity
and introduces creep, relaxation, and hysteresis characteristics into
the formulation. Corigliano and Ricci (2001) and Giambanco and
Fileccia Scimemi (2006) propose viscoplastic models as a platform
for introducing the rate-dependency into the interface. Corigliano
and Ricci (2001) also present a time dependent damage model
for the same purpose. Corigliano et al. (2003) looks into the impact
of rate-dependency and introduces a rate-based factorization of
the interfacial discontinuity in an exponential mode I traction-sep-
aration law. In Corigliano et al. (2006), the rate-dependency is
implemented in a mixed mode cohesive model. This model is then
applied to the dynamic debonding of a beam from a rigid substrate.
Guimard et al. (2009) studies the rate dependency effects in model
II failure of composites and claims that a velocity dependency of
the fracture energy, which reﬂects the evolution of micro-cracks
surrounding the principle crack pattern, notably affects the re-
sponse. Corigliano et al. (2003), on the other hand, indicates that
the impact of the rate dependency reduces when the inertial terms
become dominant.
The above works indicate that the inter-laminar fracture
process is signiﬁcantly affected by the dynamic nature of the prob-
lem. Even in fundamental structural forms such as double cantile-
ver beams (Corigliano and Ricci 2001), laminates (Greco and
Lonetti 2009), end notched ﬂexure and other mode II specimens
(Corigliano and Ricci 2001; Guimard et al. 2009), or direct peeling
from a rigid substrate (Corigliano et al. 2003, 2006), the dynamic
effects are critical. These observations directly reﬂect on the
importance of the dynamic effects in the debonding process in
the FRP strengthened beam.
In the ﬁeld of FRP strengthening of existing concrete, steel, tim-
ber and masonry structures, the cohesive interface model has been
widely used for the assessment of the static debonding mecha-
nism. Models that account for interfacial shear but neglect the nor-
mal tractions are found, for example, in Taljsten (1996), Wang
(2006), Capozucca (2010), and De Lorenzis and Zavarise (2009).
Other model take into account the tangential (mode II) and the
normal (mode I) effects, see for example De Lorenzis and Zavarise
(2008), Teng et al. (2006), Bruno et al. 2007, Qiao and Chen 2008,
Wang and Zhang 2008, or Rabinovitch 2008a,b, 2010).
The above works address the debonding problem and demon-
strate the strength of the cohesive interface approach and its appli-
cability to the FRP strengthened beam. However, they all focus onthe static case. The dynamic effects, their impact on the debonding
process, or the impact of the debonding process on the dynamic re-
sponse of the beam have not been addressed. An effort to combine
dynamic analysis of FRP strengthened beams with a consideration
of debonding effects is reported in Perera and Bueso-Inchausti
(2010). This work studies the impact of a pre-deﬁned interfacial
damage on the spectral characteristics of the beam (with the vision
of structural health monitoring). It does not address the impact of
the dynamic effects on the debonding process or the impact of the
debonding process on the time domain response. In that sense, the
consideration of the dynamic aspects of the debonding process in
the FRP strengthened beam still deﬁnes a challenge that has to
be faced.
The objectives of this paper are to gain insight into some of the
dynamic aspects of the interfacial debonding mechanism in FRP
strengthened beams and to examine their impact on the behavior
of the strengthened element. The paper adopts an analytical ap-
proach and presents an analytical model for the dynamic debond-
ing analysis. The model uses a coupled cohesive interface approach
and combines it with a high order dynamic model for the FRP
strengthened beam (Hamed and Rabinovitch 2005). As a ﬁrst step,
the analysis follows the classical approach and introduces the dy-
namic effects through the inertial response of the components
rather than through the rate-dependency of the materials and
the interfaces. The cohesive interface model, which converts the
formulation into a strongly nonlinear one, aims to capture the
nucleation, initiation, growth, and stability characteristics of the
dynamic debonding process. The high order model aims to capture
the layered layout of the FRP strengthened beam and, particularly,
the stress ﬁelds in the adhesive layer and their impact on the inter-
facial tractions across the debonding interface. The combination of
the two analytical approaches aims to capture, quantify, and char-
acterize the dynamic debonding process.2. Formulation
2.1. Modeling and assumptions
The FRP strengthened beam is modeled as a layered structure
that includes four layers and a cohesive interface. The layer-wise
modeling, the notations, and the sign conventions are depicted in
Fig. 1. The modeling adopts the concepts used in Rabinovitch
(2008b) for the static debonding analysis of the FRP strengthened
beam and the ones used in Hamed and Rabinovitch (2005) for
the linear dynamic analysis of the intact (fully bonded) beam. In
the present formulation, the dynamic debonding mechanism of
the FRP strengthened beam is addressed.
The ﬁrst three layers in the layer-wise modeling of the FRP
strengthened beam include the existing beam, the adhesive layer,
and the FRP layer. In most cases, the debonding failure occurs
few millimeters within the strengthened concrete substrate, very
close to the concrete-adhesive interface. In light of that, the deb-
onding interface is modeled using two components. The ﬁrst com-
ponent is a thin interfacial substrate layer that remains attached to
the adhesive layer after failure. The second component is the cohe-
sive interface. This nonlinear interface is located between the
interfacial substrate layer and the concrete beam and it allows
the debonding of the FRP, adhesive, and interfacial substrate layers
from the main concrete beam.
From the mathematical point of view, the concrete beam, the
FRP layer, the interfacial substrate layer, and the adhesive layer
are modeled independently. Then, they are joined together through
compatibility conditions (in the case of a fully bonded interface) or
the cohesive interface (in the case of a ‘‘debondable’’ interface). It is
assumed that the fully bonded interfaces transfer shear and
(a)
(b) (c)
Fig. 1. Notation and sign convention: (a) geometry, displacements, coordinate systems, (b) cross section; (c) multi-layer modeling, stress resultants, interfacial stresses and
tractions, and inertial effects.
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tions. On the other hand, the cohesive interface transfers shear
and normal tractions but allows for displacement jumps. The inter-
facial tractions nonlinearly depend of the displacement jumps and
under sufﬁciently large values of relative displacements, they van-
ish and yield debonding.
The concrete beam is designated with a superscript ‘‘c’’ and it is
modeled as a Bernoulli–Euler beam with large displacements,
moderate rotations, but small strains. The dynamic modeling of
the beam accounts for the vertical, axial, and rotational inertia ef-
fects but, as a ﬁrst step, it does not consider external or internal
damping or rate dependency of the constitutive behavior. For sim-
plicity, and in order to focus on the dynamic debonding process,
the material nonlinearity of the concrete is not taken into account.
Yet, in attempt to account for ﬂexural cracking of the concrete
beam, to simulate the local stress state that evolves near a ﬂexural
crack, and to allow the model to respond to this stress state with an
initiation of the dynamic debonding process, the presence of ﬂex-
ural cracks is simulated by means of eccentric hinges. The beam
sections between two cracks are then modeled assuming a linear
behavior.
The FRP strip is designated with the superscript ‘‘frp’’ and it is
independently modeled as a composite laminated beam. Also here,
the kinematic assumptions of large displacements but moderate
rotations and small strains are adopted. The behavior of the FRP
strip is assumed linear and elastic, the inertial effects are taken into
account, but the ones attributed to damping or strain-rate depen-
dency are not.
The interfacial substrate layer is designated with the super-
script ‘‘m’’. It is also independently modeled as a Bernoulli–Euler
beam with large displacements, moderate rotations, and small
strains but with modiﬁed elastic properties. The same assumptions
regarding to the consideration of the inertial effect and the neglect
of damping apply to this component as well.
The adhesive layer, which is designated with the superscript
‘‘a’’, is modeled as a linear elastic 2D deformable medium with
shear and vertical normal rigidities but with longitudinal rigidity
that is neglected with respect to the rigidities of the adjacent com-
ponents (Rabinovitch and Frostig 2000). Following Frostig and Bar-
uch (1994) and Hamed and Rabinovitch (2005), it is assumed that
the adhesive layer does not resist the inertial loads that evolve due
to its own mass but it transfers them to the adjacent stiffer
components. Correspondingly, it is assumed that the velocitiesand accelerations are linear through the thickness of the adhesive
layer whereas the displacement ﬁeld stems from the solution of
the resulting governing equations of this layer. More details about
these simplifying assumptions are given in Hamed and Rabinovitch
(2005) and a comparative assessment of their impact on the dy-
namic behavior of soft core sandwich panels is discussed in Frostig
and Thomsen (2004). The detailed modeling of the adhesive layer
as a 2D elastic medium mainly aims to capture the unique stress
ﬁeld in this layer, its variation through the thickness, and the evo-
lution of the stresses at its interfaces. Although the debonding
crack commonly runs under the concrete skin, and therefore mod-
eled by locating the cohesive interface between the interfacial
layer and the concrete beam, the tractions at this interface are
mainly governed by the stresses at the upper interface of the adhe-
sive layer. The detailed modeling of the adhesive layer therefore
aims to quantify these interfacial stresses and their impact on
the evolution of the debonding mechanism.
The traction-separation laws of the cohesive interface follow
Volokh and Needleman (2002). This model introduces the nonlin-
earity associated with the debonding process as well as the cou-
pling between the shear and the normal effects. Due to this
coupling, the vertical separation tends to reduce the shear strength
(i.e. the peak value in the shear – slip curve) and the accumulation
of slip tends to reduce the peeling strength of the interface. The
cohesive interface is implemented in the layered dynamic model.
However, in order to focus on the impact of the global behavior
on the dynamic debonding process and vice versa (the impact of
the debonding process on the global dynamics), the cohesive laws
are assumed rate-independent. Finally, it is assumed that the
external mechanical loads are exerted at the concrete beam and
that all deformation ﬁelds are uniform through the width of each
component.
2.2. Variational principle and kinematic assumptions
The equations of motion are derived via the variational
principle:
d
Z t1
t0
ðT PÞdt ¼ 0 ð1Þ
where T is the kinetic energy,P is the total potential energy, d is the
variational operator; and t is the time. The ﬁrst variation of the ki-
netic energy reads:
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Z
Vc
qcð _wcðx; zc; tÞd _wcðx; zc; tÞ þ _ucðx; zc; tÞd _ucðx; zc; tÞÞdvc
þ
Z
Vm
qmð _wmðx; zm; tÞd _wmðx; zm; tÞ
þ _umðx; zm; tÞd _umðx; zm; tÞÞdvm
þ
Z
Vfrp
qfrpð _wfrpðx; zfrp; tÞd _wfrpðx; zfrp; tÞ
þ _ufrpðx; zfrp; tÞd _ufrpðx; zfrp; tÞÞdv frp
þ
Z
Va
qað _waðx; za; tÞd _waðx; za; tÞ
þ _uaðx; za; tÞd _uaðx; za; tÞÞdva ð2Þ
where qi is the mass density of the RC beam (i = c), the interfacial
layer (i = m), the FRP strip (i = frp), and the adhesive layer (i = a),
wi(x,zi, t) and ui(x,zi,t) are the vertical and horizontal displacements
of each component, Vi is the volume of each component, x is the
common axial coordinate, zi (i = c, frp,m) are the vertical coordinates
of each component; and the dot designates a derivative with re-
spect to time. Note that the vertical coordinates are independently
measured from the reference line of each component. The latter are
located at the centroid of each component.
The total potential energy is deﬁned as follows:
P ¼ U þ V ð3Þ
where U is the strain energy and V is the potential of the external
loads. The ﬁrst variation of the strain energy is:
dU ¼
Z
Vc
rcxxðx; zc; tÞdecxxðx; zc; tÞdVc
þ
Z
Vfrp
rfrpxx ðx; zfrp; tÞdefrpxx ðx; zfrp; tÞdVfrp
þ
Z
Vm
rmxxðx; zm; tÞdemxxðx; zm; tÞdVm
þ
Z
Va
ðsxzðx; za; tÞdcxzðx; za; tÞ
þ rzzðx; za; tÞdezzðx; za; tÞÞdVa þ
Z
Aci
ðTcin ðx; tÞ  dDcin ðx; tÞ
þ Tcit ðx; tÞ  dDcit ðx; tÞÞdAci ð4Þ
where rixxðx; zi; tÞ and eixxðx; zi; tÞ (i = c,m, frp) are the longitudinal
normal stresses and strains in the RC beam, the interfacial layer,
and the FRP strip, respectively; saxzðx; za; tÞ and razzðx; za; tÞ are the
shear and vertical normal stresses in the adhesive layer, respec-
tively; and caxzðx; za; tÞ and eazzðx; za; tÞ are the shear angle and vertical
normal strain in the adhesive layer, respectively; Tcin and T
ci
t are the
normal and tangential tractions across the cohesive interface,
respectively; Dcin and D
ci
t are the normal (separation) and tangential
(slip) displacement jumps across the cohesive interface, respec-
tively, and Aci is the area of the cohesive interface.
The kinematic relations for the beam (c), FRP layer (frp), the
interfacial layer (m), and the adhesive layer (a) read:
wiðx; zi; tÞ ¼ wiðx; tÞ i ¼ c; frp;m ð5Þ
uiðx; zi; tÞ ¼ uioðx; tÞ  ziwi;xðx; tÞ i ¼ c; frp;m ð6Þ
eixxðx; zi; tÞ ¼ uio;xðx; tÞ þ
1
2
ðwi;xðx; tÞÞ2  ziwi;xxðx; tÞ i ¼ c; frp;m ð7Þ
eazzðx; za; tÞ ¼ wa;zaðx; za; tÞ ð8Þ
caxzðx; za; tÞ ¼ ua;za ðx; za; tÞ þwa;xðx; za; tÞ ð9Þ
where the comma stands for a derivative with respect to the spatial
coordinates x or za.The ﬁrst variation of the potential of the external loads is:
dV ¼ 
Z x¼L
x¼0
qðx; tÞdwcðx; tÞ þ nðx; tÞducoðx; tÞ
 
dx

XNC
k¼1
Z x¼L
x¼0

PkðtÞdwcðxk; tÞ þ NkðtÞducoðxk; tÞ
þMkðtÞdwc;xðxk; tÞ

dDðx xkÞdx ð10Þ
where q(x,t) and n(x,t) are distributed loads, Pk, Nk, and Mk are con-
centrated loads and couples at x = xk, dD is Dirac’s function, and NC
is the number of concentrated loads and couples.
2.3. Compatibility, displacement jumps, and velocity/acceleration
ﬁelds in the adhesive layer
The modeling assumes that the adhesive layer is fully bonded to
the beam and to the interfacial layer. This is introduced using the
following compatibility conditions at the interfaces of the adhesive
layer:
waðx; za ¼ 0; tÞ ¼ wmðx; tÞ ð11Þ
uaðx; za ¼ 0; tÞ ¼ umo ðx; tÞ 
dm
2
wm;x ðx; tÞ ð12Þ
waðx; za ¼ ca; tÞ ¼ wfrpðx; tÞ ð13Þ
uaðx; za ¼ ca; tÞ ¼ ufrpo ðx; tÞ þ
dfrp
2
wfrp;x ðx; tÞ ð14Þ
where dfrp, dm, and ca are the depths of the FRP layer, the interfacial
layer, and the adhesive layer, respectively.
Opposed to the above compatibility conditions at the fully
bonded interfaces, the displacement jumps across the cohesive
interface are given by:
Dcin ðx; tÞ ¼ wmðx; tÞ wcðx; tÞ ð15Þ
Dcit ðx; tÞ ¼ umo ðx; tÞ þ
dm
2
wm;x ðx; tÞ  ucoðx; tÞ þ Ycwc;xðx; tÞ ð16Þ
where Yc is the height of the reference axis of the beam (measured
from its bottom).
The modeling of the adhesive is based on a 2D elasticity repre-
sentation of the elastic medium. However, following Frostig and
Baruch (1994) and Hamed and Rabinovitch (2005), it is assumed
that the inertial forces that develop in the adhesive layer are
transferred to the adjacent adherents rather than resisted by the
compliant layer itself. This modeling assumption avoids the devel-
opment of elastic waves in the adhesive medium but it allows to
take the coupling between the shear and the normal stress ﬁelds
into account. In order to introduce this assumption, the horizontal
and the vertical velocities through the thickness of the adhesive
layer in Eq. (2) are assumed linear functions of the vertical coordi-
nate za:
_waðx; za; tÞ ¼ _wfrpðx; tÞ  _wmðx; tÞ
  za
ca
þ _wmðx; tÞ ð17Þ
_uaðx; za; tÞ ¼ _ufrpo ðx; tÞ þ
dfrp
2
_wfrp;x ðx; tÞ  _umo ðx; tÞ þ
dm
2
_wm;x ðx; tÞ
 
za
ca
þ _umo ðx; tÞ 
dm
2
_wm;x ðx; tÞ
ð18Þ
A similar distribution, which also neglects the high order terms,
is attributed to the acceleration ﬁeld.
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The equations of motion are derived using the variational prin-
ciple, the kinematic relations, the compatibility conditions, and the
assumptions regarding the velocity and acceleration ﬁeld in the
adhesive. The equations of motion take the following form:
Ncxx;xðx; tÞ þ bTcit ðx; tÞ mc€ucoðx; tÞ þ nxðx; tÞ ¼ 0 ð19Þ
Nmxx;xðx; tÞ  bTcit ðx; tÞ þ bsaxzðx; za ¼ 0; tÞ mm€umo ðx; tÞ
þm
a
6
dm €wm;x ðx; tÞ 
ma
12
dfrp €wfrp;x ðx; tÞ 
ma
3
€umo ðx; tÞ 
ma
6
€ufrpo ðx; tÞ ¼ 0
ð20Þ
Nfrpxx;xðx; tÞ  bsaxzðx; za ¼ ca; tÞ mfrp€ufrpo ðx; tÞ þ
ma
12
dm €wm;x ðx; tÞ
ma
6
dfrp €wfrp;x ðx; tÞ 
ma
6
€umo ðx; tÞ 
ma
3
€ufrpo ðx; tÞ ¼ 0 ð21Þ
Mcxx;xxðx; tÞ þ Ncxxðx; tÞ wc;xðx; tÞ
 
;x
þ bYcTcit;xðx; tÞ þ bTcin ðx; tÞ
mc €wcðx; tÞ þ qcIc €wc;xxðx; tÞ þ qzðx; tÞ ¼ 0 ð22Þ
Mmxx;xxðx; tÞ þ Nmxxðx; tÞwm;x ðx; tÞ
 
;x
þ bd
m
2
Tcit;xðxÞ  bTcin ðxÞ
þ bd
m
2
saxz;xðx; za ¼ 0Þ þ brazzðx; za ¼ 0Þ mm €wmðx; tÞ
þ qmIm €wm;xxðx; tÞ 
madm
6
€umo;xðx; tÞ 
madfrp
12
€ufrpo;xðx; tÞ
þm
aðdmÞ2
12
€wm;xxðx; tÞ 
madmdfrp
24
€wfrp;xxðx; tÞ
m
a
6
ð €wfrpðx; tÞ þ 2 €wmðx; tÞÞ ¼ 0 ð23Þ
Mfrpxx;xxðx; tÞ þ Nfrpxx ðx; tÞwfrp;x ðx; tÞ
 
;x
þ bd
frp
2
saxz;xðx; za ¼ 0Þ
 brazzðx; za ¼ caÞ mfrp €wfrpðx; tÞ þ qfrpIfrp €wfrp;xxðx; tÞ
þm
adfrp
6
€ufrpo;xðx; tÞ þ
madfrp
12
€ufrpo;xðx; tÞ þ
maðdfrpÞ2
12
€wfrp;xxðx; tÞ
m
admdfrp
24
€wm;xxðx; tÞ 
ma
6
ð2 €wfrpðx; tÞ þ €wmðx; tÞÞ ¼ 0 ð24Þ
saxz;xðx; za; tÞ þ razz;zðx; za; tÞ ¼ 0 ð25Þ
saxz;zðx; za; tÞ ¼ 0 ð26Þ
where mi = qiAi (i = c, frp,a) is the mass per unit length of the beam,
the FRP strip, the interfacial layer, and the adhesive layer, respec-
tively, Nixx and M
i
xx are the in-plane stress and the bending moment
resultants of each component, b is the width of the FRP strip, and Ii
is the geometrical moment of inertia of each component.
2.5. Constitutive relations and cohesive laws
The constitutive relations for the adhesive, the FRP layer, and
the interfacial substrate layer assume a linear and elastic behavior.
As for the concrete beam, in this work, the material nonlinearity is
not taken into account but the presence of ﬂexural cracks and their
impact on the load resisting mechanism and, mainly, on the local-
ized stress state near the crack are modeled using eccentric hinges.
These hinges are located at predeﬁned points along the beam. This
allows modeling the beam sections between two cracks assuming
elastic and un-cracked behavior. It is, however, emphasized that
this modeling approach does not aim to simulate the entire rangeof the physical nonlinearity of the concrete beam but to simulate
the localized conditions that trigger the initiation and growth of
the debonding mechanism.
Another aspect of the constitutive models of all components is
the neglect of internal (material induced) damping and rate-
dependent effects. Finally, it is assumed that the FRP is symmetri-
cally laminated and thus its response does not include bending-
stretching coupling. Under the above assumptions, the cross sec-
tional constitutive relations for the beam, the interfacial layer,
and the FRP layer take the following form:
Ncxxðx; tÞ ¼ EAc  uco;xðx; tÞ þ
1
2
ðwc;xðx; tÞÞ2
 
ð27Þ
Nmxxðx; tÞ ¼ EAm  umo;xðx; tÞ þ
1
2
wm;x ðx; tÞ
 2 
ð28Þ
Nfrpxx ðx; tÞ ¼ bAfrp11  ufrpo;xðx; tÞ þ
1
2
wfrp;x ðx; tÞ
 2 
ð29Þ
Mcxxðx; tÞ ¼ EIc wc;xxðx; tÞ ð30Þ
Mmxxðx; tÞ ¼ EIm wm;xxðx; tÞ ð31Þ
Mfrpxx ðx; tÞ ¼ bDfrp11 wfrp;xxðx; tÞ ð32Þ
where EAc, EIc are the axial and ﬂexural rigidities of the beam seg-
ments between one crack and another; EAm, EIm are the axial and
ﬂexural rigidities of the interfacial layer, and Afrp11 ; D
frp
11 are the axial
and ﬂexural rigidities per unit width of the FRP layer.
The constitutive relations for the adhesive are:
razzðx; za; tÞ ¼ Eaeazzðx; za; tÞ ð33Þ
saxzðx; za; tÞ ¼ Gacaxzðx; za; tÞ ð34Þ
where Ea and Ga are the elastic and shear moduli of the adhesive,
respectively.
The tractions-separation laws of the cohesive interface, Tci(x,t)=
Tci(Dci(x,t)), can be expressed in a variety of forms, which can all be
implemented in the present formulation. In the context of the
problem studied here, a cohesive interface model that takes into
account the coupling between the normal and the tangential re-
sponses, and yet limits the number of independent (and difﬁcult
to be assessed) parameters is preferred. In order to focus on the
role of the inertial effects, rate-independent traction-separation
laws are adopted. Based on these two guidelines, the tractions sep-
aration laws derived in Volokh and Needleman (2002) are adopted:
Tcin ðx; tÞ ¼
/nD
ci
n ðx; tÞ
d2n
 exp D
ci
n ðx; tÞ
dn
 ðD
ci
t ðx; tÞÞ2
d2n
 !
ð35Þ
Tcit ðx; tÞ ¼ 2
/nD
ci
t ðx; tÞ
d2n
 1þ D
ci
n ðx; tÞ
dn
 !
 exp D
ci
n ðx; tÞ
dn
 ðD
ci
t ðx; tÞÞ2
d2n
 !
ð36Þ
where /n is the work of separation per unit area and dn is the char-
acteristic length parameter of the cohesive interface. Additional
advantages of the above form are its simplicity and the use of con-
tinuous functions. Yet, it is stressed that other forms of cohesive
interface laws can also be implemented. In order to reﬂect this gen-
erality, the following formulation keeps the traction-separation
laws in their general implicit form: Tci(Dci(x,t)) where
Tci ¼ ½Tcin ; Tcit T and Dci ¼ ½Dcin ;Dcit T . Yet, note that the cohesive law
that is used in this work assume that the ‘‘unloading’’ or ‘‘reloading’’
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crack follow the loading ones. The impact of the accumulation of
irrecoverable damage at the interface in the sense of different load-
ing, unloading, and re-loading laws is not addressed here but
considered for future study.
2.6. Adhesive layer – stress and displacement ﬁelds
The stress and displacement ﬁelds in the adhesive layer stem
from the solution of Eqs. (25), (26) with the constitutive relations
of Eqs. (33), (34) and the compatibility conditions of Eqs. (11)–
(13), see Rabinovitch and Frostig (2000). The stress and displace-
ment ﬁelds take the following form:
saxzðx; za; tÞ ¼ sxzðx; tÞ ¼ saðx; tÞ ð37Þ
razzðx; za; tÞ ¼ sa;xðx; tÞ 
ð2za  caÞ
2
þ ðwfrpðx; tÞ wmðx; tÞÞ  E
a
ca
ð38Þ
waðx; za; tÞ ¼ sa;xðx; tÞ 
ððzaÞ2  cazaÞ
2Ea
þ ðwfrpðx; tÞ wmðx; tÞÞ
 z
a
ca
þwmðx; tÞ ð39Þ
uaðx; za; tÞ ¼ saðx; tÞ  z
a
ca
þ sa;xxðx; tÞ 
ðzaÞ3
6Ea
 ca ðz
aÞ2
4Ea
 !
wfrp;x ðx; tÞ 
ðzaÞ2
2ca
wm;x ðx; tÞ
  ðz
aÞ2
2ca
þ za þ dm
2
 !
þ umo ðx; tÞ ð40Þ2.7. Governing equations, boundary conditions, initial conditions
The governing equations combine the equations of motion (Eqs.
(19)–(24)), the constitutive relations (Eqs. (27)–(32)), and the
stress ﬁelds in the adhesive layer (Eqs. (37)–(40)). To reﬂect the
generality in terms of the traction-separation laws, Eqs. (35) and
(36) are not introduced into the governing equations. The equa-
tions are stated in terms of ucoðx; tÞ; umo ðx; tÞ; ufrpo ðx; tÞ; wcðx; tÞ;
wmðx; tÞ; wfrpðx; tÞ and sa(x,t) as follows:
EAc  uco;xxðx; tÞ þwc;xðx; tÞ wc;xxðx; tÞ
 
þ bTcit ðDciðx; tÞÞ
mc€ucoðx; tÞ þ nx ¼ 0 ð41Þ
EAm  umo;xxðx; tÞ þwm;x ðx; tÞ wm;xxðx; tÞ
 
 bTcit ðDciðx; tÞÞ þ bsaðx; tÞ
mm€umo ðx; tÞ þ
ma
6
dm €wm;x ðx; tÞ 
ma
12
dfrp €wfrp;x ðx; tÞ 
ma
3
€umo ðx; tÞ
m
a
6
€ufrpo ðx; tÞ þ nx ¼ 0 ð42Þ
bAfrp11  ufrpo;xxðx; tÞ þwfrp;x ðx; tÞ wfrp;xxðx; tÞ
 
 bsaðx; tÞ mfrp€ufrpo ðx; tÞ
þm
a
12
dm €wm;x ðx; tÞ 
ma
6
dfrp €wfrp;x ðx; tÞ 
ma
6
€umo ðx; tÞ
m
a
3
€ufrpo ðx; tÞ ¼ 0 ð43Þ
EIc wc;xxxxðx; tÞ  EAc 

uco;xxðx; tÞ wc;xðx; tÞ þ uco;xðx; tÞ wc;xxðx; tÞ
þ3
2
wc;xðx; tÞ wc;xxðx; tÞ2

 YcbTcit;xðDciðx; tÞÞ  bTcin ðDciðx; tÞÞ
þmc €wcðx; tÞ  qcIc €wc;xxðx; tÞ  qzðx; tÞ ¼ 0 ð44ÞEIm wm;xxxxðx; tÞEAm
 umo;xxðx; tÞ wm;x ðx; tÞþumo;xðx; tÞ wm;xxðx; tÞþ
3
2
wm;x ðx; tÞ wm;xxðx; tÞ2
 
d
mb
2
Tcit;xðDciðx; tÞÞ
ðca þdmÞ b
2
sa;xðx; tÞþbTcin ðDciðx; tÞÞ
bEa
ca
 ðwfrpðx; tÞwmðx; tÞÞþmm €wmðx; tÞqmIm €wm;xxðx; tÞ
þm
adm
6
€umo;xðx; tÞþ
madfrp
12
€ufrpo;xðx; tÞ
ma dm
 2
12
€wm;xxðx; tÞ
þm
admdfrp
24
€wfrp;xxðx; tÞþ
ma
6
€wfrpðx; tÞþ2 €wmðx; tÞ ¼ 0 ð45Þ
bDfrp11 wfrp;xxxxðx; tÞbAfrp11
 ufrpo;xxðx; tÞ wfrp;x ðx; tÞþufrpo;xðx; tÞ wfrp;xxðx; tÞþ
3
2
wfrp;x ðx; tÞ wfrp;xxðx; tÞ2
 
ðc
a þdfrpÞ b
2
sa;x þ
bEa
ca
 ðwfrp wmÞþmfrp €wfrpðx; tÞ
qfrpIfrp €wfrp;xxðx; tÞ
madfrp
6
€ufrpo;xðx; tÞ
madfrp
12
€ufrpo;xðx; tÞ
m
aðdfrpÞ2
12
€wfrp;xxðx; tÞþ
madmdfrp
24
€wm;xxðx; tÞ
þm
a
6
ð2 €wfrpðx; tÞþ €wmðx; tÞÞ ¼ 0 ð46Þ
umo ðx; tÞ  ufrpo ðx; tÞ 
ðca þ dfrpÞ
2
wfrp;x ðx; tÞ 
ðca þ dmÞ
2
wm;x ðx; tÞ
þ c
a
Ga
saðx; tÞ  ðc
aÞ3
12Ea
sa;xxðx; tÞ ¼ 0 ð47Þ
The boundary conditions are:
wNixxðxb; tÞ ¼ #NkðtÞ or uoiðxb; tÞ ¼ uoiði ¼ c;m; frpÞ ð48Þ
wMixxðxb; tÞ ¼ #MkðtÞ or wi;xðxb; tÞ ¼ wi;xðtÞði ¼ c;m; frpÞ ð49Þ
w Mcxx;xðxb; tÞ þ Ncxxðxb; tÞ wc;xðxb; tÞ þ
bdc
2
Tcit ðxb; tÞ þ qcIc €wc;xðxb; tÞ
 
¼ PkðtÞ or wcðxb; tÞ ¼ wcðtÞ
ð50Þ
w Mmxx;xðxb; tÞ þ Nmxxðxb; tÞ wm;x ðxb; tÞ þ
bdm
2
Tcit ðxb; tÞ þ saðxb; tÞ
 
þqmIm €wm;x ðxb; tÞ
dmma
24
dfrp €wfrp;x ðxb; tÞ þ 2€ufrpo ðxb; tÞ

þ4€umo ðxb; tÞ  2dm €wm;x ðxb; tÞ

¼ 0 or wmðxb; tÞ ¼ wmðtÞ ð51Þ
w Mfrpxx;xðxb; tÞ þ Nfrpxx ðxb; tÞ wfrp;x ðxb; tÞ þ
bdfrp
2
saðxb; tÞ
 
þqfrpIfrp €wfrp;x ðxb; tÞ 
dfrpma
24
dm €wm;x ðxb; tÞ þ 2€umo ðxb; tÞ þ 4€ufrpo ðxb; tÞ

þ2dfrp €wfrp;x ðxb; tÞ

¼ 0 or wfrpðxb; tÞ ¼ wfrpðtÞ ð52Þ
saðxb; tÞ ¼ 0 or waðxb; za; tÞ ¼ waðza; tÞ ð53Þ
where xb designates the x coordinate of the boundary (xb = 0 or
xb = L), uio, w
i, wi;x (i = c,m, frp) and w
aðzaÞ are prescribed deforma-
tions and rotations; PðtÞ; NðtÞ and MðtÞ are loads and couples ex-
erted at the boundaries of the beam; w = 1 where xb = L; w = 1
where xb = 0, # = 0 where i = frp, m; and 0 = 1 where i = c.
For brevity, the continuity conditions are not presented here.
Yet, the continuity conditions that simulate the ﬂexural crack as
an eccentric hinge are:
Table 1
Elastic properties, mechanical properties, and mass density.
Component Elastic and mechanical properties Mass density
Concrete Ec = 30,000 MPa qc = 2,500 kg/m3
Interfacial layer Em = 5,000 MPa qm = 2,500 kg/m3
FRP Efrp = 160,000 MPa qfrp = 2,000 kg/m3
Adhesive Ea = 1,000 MPa, Ga = 350 Mpa qa = 2,000 kg/m3
Cohesive interface /n = 58.3 J/m2; dn = 0.01 mm;
Tcit;max = 5 MPa
–
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NcðÞxx þ NcðþÞxx ¼ 0 ð55Þ
McðÞxx  NcðÞxx hhinge ¼ 0 ð56Þ
McðþÞxx  NcðþÞxx hhinge ¼ 0 ð57Þ
where the superscripts () and (+) represent quantities at the crack
point but left and right of the cracked section, respectively, and
hhinge is the zc coordinates of the hinge. Following the sign conven-
tions of Fig. 1, positive hhinge values are measured from the reference
axis downwards, thus Eq. (54) imposes continuity of the longitudi-
nal displacements at the location of the hinge, Eq. (55) requires lon-
gitudinal equilibrium, and Eqs. (56) and (57) impose zero bending
moment conditions on both sides of the hinge.
The initial conditions at t = t0 are:
uoiðx; t0Þ ¼ uoiðxÞ ði ¼ c;m; frpÞ ð58Þ
_uoiðx; t0Þ ¼ _uoiðxÞ ði ¼ c;m; frpÞ ð59Þ
wiðx; t0Þ ¼ wiðxÞ ði ¼ c;m; frpÞ ð60Þ
_wiðx; t0Þ ¼ _wiðxÞ ði ¼ c;m; frpÞ ð61Þ
where uoiðxÞ, wiðxÞ, _uoiðxÞ, _wiðxÞ (i = c,m, frp) are prescribed distribu-
tions of displacements and velocities along the beam.
2.8. Solution procedure
The mathematical model takes the form of a set of nonlinear
partial differential equations. The solution procedure adopted in
the present work uses a numerical approach and combines two
numerical methods. First, the temporal derivatives are handled
using a ﬁnite difference time integration method and the partial
differential equations are converted into a set of ordinary nonlinear
ones at every time step. Second, this set of nonlinear equations and
the corresponding boundary conditions are solved using a multiple
shooting algorithm (Stoer and Bulirsch 1993).
3. Veriﬁcation and numerical study
The veriﬁcation and numerical studies focus on the dynamic
debonding process in the FRP strengthened beam that is outlined
in Fig. 2. The elastic and mechanical properties of the materials
are listed in Table 1. The relatively thick adhesive layer is adopted
in light of the common use of the adhesive material as a primer for(a)
(c)
(b)
Fig. 2. Geometry and loading schemes for the numerical study: (a) geometry and
loading; (b) cross section; (c) modeling the localized conditions near the ﬂexural
crack using an eccentric hinge.the leveling of concrete surface and for the attachment of the FRP
strips. The properties of the cohesive interface are estimated based
on the assessment of the shear strength of the concrete substrate
(about 5 MPa) and its fracture energy. The value used here is in
the lower range of fracture energies reported for concrete.
The present analysis focuses on intermediate crack (IC) debond-
ing failure mechanism. Other failure mechanisms, such as edge
debonding, concrete crushing, shear failure, shear cracking induced
debonding, etc. may also evolve and play an important role in the
dynamic response. However, their consideration is beyond the
scope of the present work. These failure modes, their dynamic
characteristics, and the dynamic interaction between them and
with the IC-debonding are therefore considered for future study.
In order to study the dynamic IC debonding mechanism, the local
conditions that evolve near an intermediate ﬂexural crack in the
concrete element are simulated by modeling the ﬂexural crack as
an eccentric hinge. The location of the eccentric hinge, which is
shown in Fig. 2, is based on a preliminary comparison between
the hinge simpliﬁcation and a continuum modeling of the joint.
(More details about this analysis and its comparison with the
eccentric hinge simpliﬁcation are discussed in the second part of
the veriﬁcation section.) It is assumed that the ﬂexural crack in
the concrete element also yields cracking of the interfacial sub-
strate layer and the adhesive layer. Thus, the interfacial layer and
the adhesive layer are free of stresses at the point of the crack.
On the other hand, no assumptions are made regarding the interfa-
cial cracks. The cohesive interface is free to automatically respond
to the stress concentration due to the ﬂexural crack with an initi-
ation of the debonding mechanism.
In light of the various assumptions and simpliﬁcations used in
the derivation of the model and in light of the ones used in the
numerical solution of the governing nonlinear PDEs, this section
includes two parts. In the ﬁrst part, the main assumptions, simpli-
ﬁcations, and numerical tools are examined and veriﬁed. In the
second part, the dynamic debonding process in the examined FRP
strengthened element and the impact of the loading rate are
examined.
3.1. Veriﬁcation
The ﬁrst case examined in the veriﬁcation study looks into the
dynamic response of the strengthened element to a step load and
compares the results with a detailed continuum based ﬁnite ele-
ment (FE) analysis. This case aims to validate the dynamic model,
to assess the dynamic time integration scheme, and to examine
some of the assumptions made in the derivation of the model.
These assumptions include the neglect of the axial normal rigidity
of the adhesive layer, the neglect of the high order terms in the var-
iation of the velocity and acceleration through the thickness of the
adhesive layer, and the simplifying Bernoulli–Euler assumptions
that are independently applied to the concrete beam, the FRP
layers, and the interfacial layers. In order to focus on the above
aspects of the modeling, this case does not take into account the
debonding process. In the analytical model, the cohesive interface
is neutralized and its stiffness is kept constant and equal to the one
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is not included but its elastic effect is incorporated through the
shear and elastic moduli of the adhesive layer. Both analyses use
symmetry conditions with respect to the middle of the beam.
The examined element is subjected to a uniformly distributes
vertical load applied at its full magnitude at t = 0. The time step
in the analytical model equals 0.0125 ms. The magnitude of the
load equals 0.8 N/mm. Under this load, the linearity forced by
neutralizing the cohesive interface is not drawn into the deep
nonlinear range.
The ﬁnite element analysis is conducted using ANSYS. The mod-
el is based on 2D elasticity and it uses four-node 2D elements. The
differences in the width of the various components are introduced
into the 2D model through factorization of the relevant elastic
moduli. Due to the signiﬁcant differences in the scales of the thick-
ness of the layers and in their elastic properties and due to the
need to capture the variation of the deformations and stresses
through the thickness, a reﬁned mesh is needed. Yet, in order to
keep the computational efforts reasonable, the mesh is limited to
ﬁve elements through the thickness of the adhesive layer, two ele-
ments through the thickness of the FRP layer, and one element
through the thickness of the interfacial layer. With that minimal le-
vel of reﬁnement and with the use of symmetry conditions, the to-
tal number of FE nodes is about 31,500. Yet, the FE convergence
study discussed in Hamed and Rabinovitch (2007) indicates that
the results of the FE analysis may still somewhat change with
reﬁnement of the mesh and a more detailed FE analysis may be
needed.
The comparison between the two analyses appears in Fig. 3. The
responses in terms of the vertical displacement at mid-span versus
time and the vertical reaction at x = 0 versus time are compared in
Fig 3a and b, respectively. The temporal variation of the displace-
ments reveals a good agreement, both in the amplitude and in the
dominant frequency of the dynamic response. It also reveals that0 5 10 15 20
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Fig. 3. Response to a step load: comparison between the present analysis and FE analys
time; (c) horizontal force in the hinge vs. time; (d) axial force in the FRP strip vs. time (the presentmodel is involvedwith a slightly higher level of artiﬁcial
damping. The magnitudes and the leading frequencies observed in
the time history response of the vertical reaction are also in good
agreement. Yet, the higher level of artiﬁcial damping attributed to
the analytical model yields a faster decay of the higher frequency
components, which are more prominent in the FE analysis.
The two analyses are compared in terms of the tensile force in
the FRP strip at midspan and the compressive force at the concrete
element at midspan (i.e. the lateral force at the hinge) in Fig 3c and
d, respectively. The comparison reveals a very good agreement in
terms of magnitudes and leading frequencies. Yet, also here, the ef-
fect of the artiﬁcial damping is more prominent in the analytical
model. Along with that, the effect of the higher frequency compo-
nents that is more visible in the reactions detected by the ﬁnite
element analysis (Fig 3b and c) is also attributed to the point-wise
nature of the supporting conditions and to the localized effects
they trigger in the continuum FE analysis. The analytical model
developed this work, and the axial forces in the FRP strip
(Fig. 3d), which is affected by the boundary conditions applied in
the symmetric FE model through the thickness of the strip, are less
sensitive to the localization of the reaction forces and less affected
by the higher frequency components observed in Fig. 3b and c.
A more localized aspect of the dynamic response is compara-
tively studied in Fig. 4. In this case, the distributions of the out-
of-plane normal stresses at the interface of the adhesive layer near
mid-span and the shear stress at the adhesive layer are compared
with the results of the FE analysis. The shear stresses are compared
with their FE counterparts detected at the middle of the adhesive
layer. All results refer to the end point of the analysis, i.e. to
t = 20 ms (the circled point in Fig. 3). The response at this point
in time involves non- vanishing displacements, velocities, and
accelerations. The comparison reveals a very good agreement
between the present and the FE analyses. Only minor discrepancies
are observed in the shear stresses at the edge (where the FE0 5 10 15 20
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is: (a) vertical displacements at mid-span vs. time; (b) vertical reaction at x = 0 vs.
Legend: present analysis; –––– FE analysis).
480 485 490 495 500
-0.2
-0.1
0
0.1
0.2
x [mm]
σ
zz
, T
n [
M
P
a]
Adhesive - interfacial layer interface
Adhesive - FRP interface
450 460 470 480 490 500
0
0.02
0.04
0.06
0.08
0.1
x [mm]
τ ,
 T
t [
M
Pa
]
(a) (b)
Fig. 4. Distribution of stresses and tractions along the left side of the ﬂexural crack at t = 20 ms: comparison between the present analysis and FE analysis: (a) vertical normal
stresses and traction; (b) shear stresses and traction; (Legend: , - - - - stresses, present analysis;   , h h h stresses, FE analysis; tractions).
O. Rabinovitch / International Journal of Solids and Structures 49 (2012) 3641–3658 3649analysis does not fully satisfy the zero shear condition) and in the
magnitude of the compressive vertical normal stress at the inter-
face of the adhesive and the interfacial layer. In the context of this
discrepancy, and in light of the comparative convergence study re-
ported in Hamed and Rabinovitch (2007), it should be noted that
the FE assessment of this aspect of the response is signiﬁcantly af-
fected by the properties of the mesh and probably requires some
level of mesh reﬁnement. Along with the stresses in the adhesive
layer, Fig. 4a and b also include the distributions of the interfacial
tractions detected across the cohesive interface by the present
model. These curves indicate that the tractions across the interface
are very close to the stresses at the upper interface of the adhesive
layer. This clariﬁes that the tractions across the cohesive interface
are mainly governed by the stress ﬁeld in the adhesive layer and
justiﬁes the detailed modeling applied to the adhesive layer in at-
tempt to capture this ﬁeld. The agreement between the stresses
predicted by the present model and the ones predicted by the FE
analysis and the correlation between the former and the tractions
across the cohesive interface indicate that the present model well
assesses the stress and traction state that governs the dynamic
debonding problem.
The last simplifying assumption that is examined through com-
parison with the FE analysis is the neglect of the high order terms
in the distribution of the accelerations through the thickness of the
adhesive layer. This aspect is examined in Fig 5 where the vertical
and horizontal accelerations at different cross sections through the
thickness of the adhesive layer are presented. The cross sections
are examined at the middle of the beam (x = 500 mm), at x =
499.2 mm and at x = 498.4 mm. However, due to the geometry of-0.5 0 0.5 1
0
1
2
3
4
5
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Fig. 5. Distributions of accelerations through the thickness of the adhesive layer at
t = 20 ms and different cross sections: Comparison between the present analysis
and FE analysis (Legend: analytical model; — — — FE x=500; - - - - - - - FE
x=499.2; — – — FE .the mesh, the last two cross sections are inclined by about 8%
and 16% with respect to the vertical axis.
The comparison between the FE analysis and the results of the
present model reveals a very good agreement. The values at the
adhesive FRP interface almost coincide but some slight deviations
are observed at the adhesive interfacial layer interface. This effect
is due to the deformability of the cohesive interface, a feature that
is not directly implemented in the FE model. Quantitatively, the
differences are not too signiﬁcant and the approximation involved
with the present analysis is acceptable. The results shown in Fig. 5
also indicate that level of deviation of the accelerations from the
assumption of linearity through the thickness of the adhesive layer
is not signiﬁcant. The discrepancy is only limited to the vertical
accelerations and it rapidly decays away from the edge cross sec-
tion. Quantitatively, the integration of the inertia forces due to
the deviation of the vertical acceleration from the linear pattern
through the thickness yields values that are 2–3 orders of magni-
tude smaller than the interfacial stresses reported in Fig. 4. This
observation and the rapid decay of the high order effects clarify
that the assumption of linear accelerations through the thickness
of the adhesive layer is reasonable and it is not involved with a sig-
niﬁcant loss of accuracy.
The second part of the validation study examines the modeling
of the ﬂexural crack as an eccentric joint. It is evident that this sim-
plifying assumption cannot capture the full nonlinear behavior of
the ﬂexural crack and particularly the possibility of changes to
the cracked height during the dynamic response. Yet, it is antici-
pated that this simpliﬁcation would be able to reasonably simulate
the localized conditions at the interfaces near the opened ﬂexural
crack. To examine this, the distributions of the displacements, axial
forces, stresses in the adhesive layer, and traction across the cohe-
sive interface detected using the eccentric hinge simpliﬁcation are
compared with ones detected using a model that uses a continuum
representation of the crack. The later analysis follows the contin-
uum modeling of the mortar material used in Rabinovitch (2010)
for studying masonry walls strengthened with composite materials
and subjected to static loading and debonding conditions. By
means of the static model described in Rabinovitch (2010), the
crack in the concrete element is modeled as a 1 mm long region
made of a material that is governed by a nonlinear stress–strain
relation. In this region, the relevant constitutive relations (Eqs.
(27) and (30)) and, correspondingly, the relevant governing equa-
tions of the present model (Eqs. (41) and (44)) are replaced with
the following ones:
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where f(e) deﬁnes the stress–strain relation for the nonlinear mate-
rial and f,e(e), f,ee(e) are its ﬁrst and the second derivatives with re-
spect to its argument (the strain).
The comparison studied here uses the bi-linear elastic constitu-
tive relation that appears in Fig. 6a. The compressive modulus is
identical to the one attributed to the concrete beam but the tensile
modulus is ﬁve orders of magnitude smaller than that. This allows
to automatically response to ﬂexure by opening of the ﬂexural
crack with a totally negligible level of tensile stresses and without
any pre-deﬁnition of the crack’s height. On the other hand, this
type of analysis is involved with iterative solutions of implicit non-
linear equations at every point along the spatial numerical scheme,
a nested type of Newton–Raphson iterations, and a signiﬁcantly in-
creased computation effort (Rabinovitch 2010). The implementa-
tion of the nonlinear model in the dynamic analysis studied here
further complicates the procedure, increase the computational ef-
fort and time, and, in some cases, encounter convergence prob-
lems. In light of these limitations, the comparison between the
two analyses is limited to single point on the initial loading path.
The comparison between the axial forces detected using the
eccentric hinge simpliﬁcation and the ones detected using the con-
tinuum based model are presented in solid and dotted lines,
respectively, in Fig. 6b. The axial and vertical displacements in
the various components are compared in Fig 6c and d, respectively.
In all cases, the two analyses reveal almost identical results. The
minor differences that are still observed are attributed to a slight
deviation of the height of the hinge from the exact place detected
by the continuum analysis. The hinge is located at 67.5 mm above
the reference line at the middle of the concrete element whereas
the continuum analysis predicts that the location of the compres-
sive resultant is about 6 mm higher than that. This deviation
slightly affects the vertical displacements near the crack tip and
yields the ‘‘shift’’ of the axial displacement along the entire beam.
From the quantitative point of view, the discrepancies between thetwo analyses are rather minor and they are probably within the
limits of an acceptable approximation.
The distributions of the stresses in the adhesive layer and the
tractions across the cohesive interface are compared in Fig 6e
and f. Also here, a good agreement is observed, mainly in terms
of the shear stresses in the adhesive layer, the normal stresses at
its interfaces, and the normal tractions across the cohesive inter-
face. Discrepancies are observed at the distribution of the shear
tractions across the cohesive interface but this effect mainly stems
from the nature of the continuum modeling used for reference. In
particular, it is affected by the modeling of the crack as a nonlinear
region with a ﬁnite length. Numerical experiments, which are not
explicitly presented here, reveal a decay of these discrepancies
with the shortening of the nonlinear region but also an increase
in the computational effort required for the continuum analysis
and more severe convergence problems.
In conclusion, the comparison with the FE model and the com-
parison with the continuum analysis validate some aspects of the
model. They also support some of the main modeling assumptions
used in the derivation of the model. With that in mind, the model is
used for the numerical study of the dynamic debonding process
next.3.2. Numerical study
The numerical study examines the element described in Fig. 2
and focuses on its response to a dynamic three-point-bending type
of loading. The dynamic load is introduced in a velocity control
form where the variation of the displacement at the middle of
the beam in time is controlled. In order to mitigate impulse effect
due to a ‘‘velocity jump’’ at the ﬁrst step of the loading process, the
velocity is gradually increased up to the desired loading rate during
the ﬁrst 20 time steps. The velocity proﬁle in that period follows a
third order polynomial with a gradual increase and then decay of
the acceleration. After that stage, the loading rate is kept constant.
Four loading rates are examined: 0.01, 0.05, 0.10 and 1.00 m/s.
The time step used in the analysis varies from 0.0025 ms for the
higher loading rates to about 0.1 ms for some regions in which
the response to the lower loading rate is almost not affected by
the dynamic phenomena. This range provides a reasonable combi-
nation of sufﬁcient temporal resolution, tolerable level the artiﬁcial
damping, convergence of the Newton iterations, and usage of com-
putational resources. The numerical study also includes a set of
purely static results that are brought for reference and comparison.
In this case, all inertial effects are neutralized. Due to the softening
nonlinearity associated with the cohesive interface and the deb-
onding process, this set of results is obtained using a pseudo arc-
length continuation. In both cases (dynamic and static) symmetry
conditions with respect to the middle of the specimen are used.
The ﬁrst examined aspect of the dynamic debonding is the glo-
bal response in terms of the force generated at the loading point
during the process. The curves of the generated force versus time
and generated force versus the displacement at mid-span are stud-
ied in Fig. 7. The results of the dynamic analyses are presented as
dotted markers. The reference results of the static analysis, which
are limited to the load versus displacement plots, are shown as
solid lines. These reference static results reveal an initial linear re-
sponse with an increase in the force and the mid-span displace-
ment up to a limit point at about 0.36 mm and 8.67 kN. After the
limit point, the curve snaps back and the load drops down to less
than 4.7 kN. This snap reﬂects an unstable behavior. After the snap,
the mid-span displacement grows up again with a monotonic but
rather slow decrease in the load. In the context of displacement
control loading, this portion of the load–displacement equilibrium
path is considered stable. At a displacement of about 1.125 mm,
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the displacement drop down.
The dynamic results detected for the lowest loading rate
(0.01 m/s, Fig. 7a and b) reveal that the response initially follows
the linear branch up to the limit point. During this phase, the re-
sponse is not involved with notable dynamic effects. On the other
hand, the structure responses to the snap with a signiﬁcant dy-
namic behavior governed by oscillations of the magnitude of the
force. The peak force values observed during the dynamic response
to the snap are about 25% higher than the ones predicted by the
static analysis. This clariﬁes that under this loading rate, the snap
triggers a signiﬁcant dynamic response under originally quasi-sta-
tic conditions. Thus, in spite of the quasi-static conditions, the
snap, the associated instability, and the resulting dynamic re-
sponse necessitate a dynamic type of debonding analysis and
consideration.
In the second phase of the response, the numerical results (Fig
7a and b) reveal a decay of the dynamic oscillations right after their
triggering at the snap. Due to the debonding process, and althoughthe model does not include any viscous or other material based
damping, the dynamic response is damped and the load converges
back to the branch observed in the static analysis. Although this
type of behavior may be slightly affected by the artiﬁcial damping
introduced due to the numerical procedure, it is interpreted as sta-
bilization of the debonding process after its initial burst. It implies
that under the examined loading rate, and in spite of the signiﬁcant
dynamic effects triggered by the snap, a crack arrest may be possi-
ble. This observation reﬂects on the resilience of the element and
its potential ability to return to some level of partial functionality
after the initiation of the debonding process.
The dynamic results for a loading rate of 0.05 m/s appear in
Fig. 7c and d. The results reveal that also here, the structure re-
sponds to the snap dynamically and reveals an oscillatory re-
sponse. The oscillations tend to damp towards the stable branch
detected in the static analysis. However, since the energy input is
larger and the entire process is shorter than in the previous case,
the decay process is less effective. Similarly, the presence of nota-
ble dynamic effects at the second phase of the response indicates
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ing rate of 0.05 m/s, the entire process is shorter and it ends up
with a complete debonding of the FRP layer after about 24 ms. This
point is located slightly beyond the second snap back observed in
the static results. The comparison of the response to the higher
loading rate with the static one reveals that the peak forces areampliﬁed by a factor of about 2. On the other hand, bearing in mind
the different time scales used in Fig. 7b and d, it is observed that
the frequency of the dynamic oscillatory response after the snap
is similar in both cases and it equals about 715 Hz.
The response to the higher loading rate of 0.10 m/s is studied in
Fig. 7e and f. In this case, the dynamic effects induced by the
O. Rabinovitch / International Journal of Solids and Structures 49 (2012) 3641–3658 3653loading rate are rather signiﬁcant, even before the ones triggered
by the snap and the debonding process evolve. Since the frequency
of the oscillations is approximately the same as in the two previous
cases, the shorter loading process involves less vibration cycles and
the dynamic response does not effectively decay.
The response to the highest loading rate (1.00 m/s) is studied in
Fig. 7g and h. In this case, the structure responds with signiﬁcantly
higher levels of load that are 1–2 orders of magnitude larger than
in the slow loading or static loading schemes. It is also observed
that the duration of the loading process is much shorter and the
entire process is limited to about 1.6 ms. In that sense, the re-
sponse to the higher loading rate is signiﬁcantly affected by the dy-
namic impact of the loading and less by the debonding process.
This implies that the energy input of the dynamic load is much
higher than the one that can be dissipated through the debonding
mechanism. In physical terms, this means that the layered struc-
ture would rapidly tend to debond and fail under the impact of this
high rate dynamic loading.
To some extent, the above trend of dependency of the response
on the loading energy input is also qualitatively reﬂected by the
experimental observations reported in Erki and Meier (1999). That
study examined the response of beams strengthened with two FRP
strips (and others strengthened with steel plates) to impact loads
triggered by lifting one end of a simply supported beam and then
dropping it from a given height above the support. Under the lower
dropping heights examined, the dynamic load triggered cracking in
the concrete beam and longitudinal cracking in the epoxy layer
near the largest cracks. The latter effect reﬂects a debonding that
is somewhat similar to the one examined here. Under higher drop-
ping heights, the beam responded with an increase in the length of
those longitudinal cracks in the epoxy. Under the ultimate drop-
ping height the failure sequence was debonding of the one of the
bonded FRP strips and then failure of the second strip and break0 20 40 60 80 100 120
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Fig. 8. Axial forces at mid-span versus time for different loading rates: (a) 0.01 m/s; (b)
[Please notice the different scales of the axes in the sub-ﬁgures].of the beam at the intermediate crack point (see Erki and Meier
1999). This pattern, in which the increase in the energy input re-
ﬂects on the interfacial effects, is, to some extent, similar to the
one observed in the present analysis. Yet the impact loading sce-
nario studied in Erki and Meier (1999) limits the external loading
to the impact point. After this point, the beam develops a free dy-
namic response without external load or displacement constraints.
When the energy input is sufﬁciently small, this scenario allows
the stabilization and possible arrest of the longitudinal cracking
process. On the other hand, in the loading scenario studied here,
the midspan displacement constraint is monotonically growing.
This forces the debonding process to proceed even after the dy-
namic effects it triggers are damped.
The impact of the dynamic loading and the dynamic response is
also reﬂected by the temporal variation of the axial forces in the
concrete beam and in the FRP layer at mid-span. Due to the crack
at mid-span, most of the global bending moment at that section is
carried by a force couple composed of eccentric compression in the
concrete element and tension in the FRP layer. (Due to the eccen-
tric hinge modeling, the entire bending moment is resisted this
way.) The time variation of the axial forces at mid-span is studied,
for the different loading rates, in Fig. 8. Fig. 8a corresponds to the
slowest loading and reveals the linear growth of the axial forces,
their sudden reduction at the snap point, and the associated dy-
namic effects. For the higher loading rates, 0.05 and 0.10 m/s, the
dynamic effects are more signiﬁcant and more noticeable, before
and after the snap. Yet, the structure keeps following the expected
sandwich action with tension in the FRP strip and compression in
the concrete element. In the case of the highest loading rate,
1.00 m/s, the dynamic effects become dominant and involved with
axial stress waves along the beam. This dynamic response, which is
triggered by an energy input that probably exceeds the capacity of
the layered structure, violates the classical sandwich-type0 5 10 15 20 25
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and disintegration of the structure.
The source of the snap instability and the dynamic effects it
triggers is the dynamic debonding process. In order to gain insight
into this mechanism, the curves showing the location of the deb-
onding front as a function of time are studied Fig. 9. The location
of the debonding front is deﬁned here as the point where the tan-
gential stiffness of the cohesive interface @Tn(Dn,Dt)/@Dn drops
down below 1% of its initial intact value at Dn =Dt = 0. The location
of the debonding front is measured from the support so the initial
value before the debonding starts equals 500 mm.
The debonding curves depicted in Fig. 9 indicate that with all
loading rates, the analysis starts with a stable phase in which the
debonding front does not move. Then, the interfacial debonding
starts to grow and the debonding front starts to move towards
the support. Under the three low loading rates, the initiation of
the debonding process is very rapid. This is reﬂected by an almost
vertical ‘‘drop’’ in the curves and burst of the interfacial crack (Fig
9a–c). This drop and the consequent oscillatory response corre-
spond to the dynamic effects triggered by the abrupt snap ob-
served in Figs. 7a–f and 8a–c. After this point, the debonding
tends to stabilize and the dynamic effects decay. The very ﬁnal
stages of the debonding process are also associated with an accel-
eration of the debonding process and with another destabilization.
This effect corresponds to the ﬁnal separation of the FRP strength-
ening system.
The debonding process under the highest loading rate of
1.00 m/s (Fig. 9d) generally follows the trends observed with the
lower rates. Yet, the initial drop is less prominent (compared with
the reset of the process), the entire process occurs much faster, and
it does not include a clear oscillatory stage. This further clariﬁes
that the energy input of the highest loading rate is too high and
it yields a complete debonding failure of the layered element with-
in about 1.6 m/s.The curves showing the location of the debonding front as a
function of the mid-span displacement appear in Fig. 10 and reveal
another aspect of the dynamic debonding process. The comparison
between the loading rates and the comparison between the dy-
namic analyses (dotted lines) and the static one (thin solid line)
further clarify that the snap, instability, and corresponding dy-
namic effects are due to the debonding process. The static analysis
indicates that the snap and the decrease in load and displacement
occur before the debonding crack fully nucleates. Thus, the mid-
span displacement grows up to about 0.36 and drop down to about
0.22 mm while the debonding front is still in its initial position
(500 mm away from the support). In the more realistic dynamic
analyses, this non-feasible snap back branch does not evolve but
the debonding front rapidly ‘‘jumps’’ over the snap. This mecha-
nism and the dynamic effects it triggers are clearly observed in
the results for the lower loading rates (0.01–0.10 m/s). On the
other hand, the highest loading rate of 1.00 m/s triggers an unsta-
ble debonding process under a smaller global displacement and
yields a smother and faster failure process.
The comparison between Figs. 9 and 10, and the results in Figs. 7
and 8, reveal that the loading rate signiﬁcantly affects the nature of
the debonding process, its time of initiation, its duration, the asso-
ciated levels of loads, and the level of oscillations. On the other
hand, the response in terms of the debonding initiation and growth
as a function of the mid-span displacement is similar in all exam-
ined cases. This type of debonding versus displacement response
can be reasonably estimated using the static analysis, provided
that it can handle the softening effect and the snap associated with
the debonding process. Yet, the assessment of the dynamic effects
due to the snap, its impact on the structural response, the oscilla-
tory effects it triggers, the ampliﬁcation of the internal forces, and
the ability of the layered structure to sustain the dynamic effects
without a rapid and unstable disintegration requires a dynamic
analysis.
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process is the time variation of the interfacial effects. These effects
include the tractions across the cohesive interface, the shear stres-
ses in the adhesive layer, and the vertical normal stresses at the
interfaces of the adhesive layer. These results are examined at a
control point located 100 mm from the simulated ﬂexure crack at
mid-span. The results for the two highest loading rates appear in
Fig. 11. The results show that the interfaces are ﬁrst subjected to
monotonically growing levels of shear and a smaller but monoton-
ically growing level of peeling stresses (positive vertical normal
stresses). Up to a certain temporal point, the shear stresses in the
adhesive layer and the shear tractions across the cohesive interface
coincide. Similarly, the normal stresses at the upper interface of the
adhesive layer and the normal tractions across the cohesive inter-
face coincide. As the debonding front moves closer to the examined0 2 4 6 8 10 12-2
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Fig. 11. Shear stresses in the adhesive layer, vertical normal stresses at the interfaces of th
Left column: shear stresses and shear tractions; Right column: normal stresses and no
horizontal axis in the sub-ﬁgures].point, the tractions across the interface abruptly increase and
slightly depart from the interfacial stresses. Right after this phase,
the vertical normal stresses and tractions overshoot to the negative
side and turn into compression. This compression is also affected
by the geometrical nonlinearity and the compression of the tensed
FRP strip against the corners of the two halves of the concrete
beam. The shear stresses and tractions also reveal a change of sign,
mainly under the lower loading rate. As the debonding front
crosses the examined point, the stresses and the tractions rapidly
decay and vanish as a new debonded area is formed. Under the
higher loading rate, this process is also involved with some oscilla-
tory dynamic effects.
The last aspect examined in this paper is the velocity of the
movement of the debonding front. For brevity, this term is refered
to as the ‘‘debonding velocity’’ and it is evaluated using a numerical0 2 4 6 8 10 12-3
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ied in Fig. 12 and they include the entire process and a zoom plot
on the ﬁrst 10 ms right after the debonding starts (1.6 ms for the
1.00 m/s loading rate). In all cases, the ﬁrst point detected by the
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higher than the one observed along the main part of the process.
This higher debonding velocity phase corresponds to the initial
unstable snap and to the tendency of the debonding front to
‘‘jump’’ across it. The debonding velocities that govern this initial
phase are not signiﬁcantly sensitive to the loading rate. In all four
cases, the initial debonding velocity equals about 1000–1200 m/s.
(For comparison, the s-wave velocity in the adhesive material
equals about 420 m/s and the p-wave velocity in the concrete ele-
ment is about 3600 m/s). In that context, the weak dependency of
the initial debonding velocity observed during the ﬁrst phase of
burst across the snap may reﬂect on a property of the structural
assembly rather than on its response to the load.
After the initial high speed phase of the debonding growth, the
debonding velocities drop down and reveal an oscillatory pattern.
This second phase represents a process that is less unstable and
less abrupt than the one observed in the ﬁrst stage. Yet, under
the highest loading rate (1.0 m/s), in which the energy input is
probably beyond the capacity of the examined structure, the stabil-
ization is less prominent. From a quantitative point of view, the
three lower loading rate point at peak debonding velocity magni-
tudes that equal about 200 m/s. This observation further implies
that the peak debonding velocities at this phase are also indepen-
dent of the external loading rate and reﬂect on the structural sys-
tem itself.
The last stage of the response corresponds to the very ﬁnal
stages of the dynamic de-cohesion process where the FRP system
fully detaches from the concrete element. This third stage is gov-
erned by debonding velocities that are similar to the ones observed
in the ﬁrst unstable stage and equal about 1000–1200 m/s. Also
here, this value is almost independent of the loading rate. This
observation joins the ones regarding the weak dependency of the
velocity pattern and values on the loading rate and reﬂects a struc-
tural property. On the other hand, the dynamic pattern observed
under the highest loading rate and the relatively high debonding
velocities (about 500 m/s) observed before the ﬁnal third phase
indicate that the energy input due to this rate is probably too high
for the layered structure to remain bonded. This too high energy
input leads to a rapid and abrupt debonding failure of the layered
structure within about 1.6 ms. The ability of the analysis to desig-
nate such cases is among its advantages.4. Concluding remarks
The dynamic debonding process in concrete beams strength-
ened with externally bonded composite materials has been inves-
tigated. The study has adopted an analytical approach and a
theoretical model that combines three fundamental features has
been derived. The ﬁrst feature has taken into account the layered
conﬁguration of the FRP strengthened ﬂexural element, the pres-
ence of a compliant adhesive layer, and the high order stress and
deformation ﬁelds across this layer. The second feature has imple-
mented a coupled but rate-independent cohesive interface in the
high order model. The third feature has incorporated the dynamic
effects associated with the debonding process. As a ﬁrst step to-
wards gaining insight into the dynamic debonding mode of failure,
the model has been limited to inertial effects. The constitutive rela-
tions of all components and the traction – separation laws of the
cohesive interface have adopted rate-independent forms. The for-
mulation of the model has taken the form of a set of nonlinear par-
tial differential equations. The time derivatives have been handled
using a numerical time integration method and the resulting set of
nonlinear ordinary differential equations has been solved numeri-
cally. The various aspects of the model and some of the simplifying
assumptions used in its derivation have been validated throughcomparison with a continuum based FE analysis. The modeling of
the ﬂexural cracks has been validated through comparison with
an analytical nonlinear model of the cracking region. Both compar-
isons support the validity of the model and the assumptions it uses.
The analytical model and the set of numerical results that has
focused on the dynamic debonding process in an FRP strengthened
beam have clearly revealed that the dynamic nature of the process
critically affects the structural response. A comparison between
different loading rates (under a velocity control scheme) has re-
vealed signiﬁcantly different dynamic patterns. In the case of rela-
tively low loading rates, the unstable snap that is detected by a
static analysis and attributed to the instability of the debonding
process triggers a signiﬁcant dynamic response. In these cases,
the debonding process is the main factor that drives the structure
into a dynamic response phase. Under higher loading rates, the re-
sponse of the structure to the dynamic load and the role of the
inertial forces affect the debonding process, its time of initiation,
its duration, and the levels of the internal forces. Furthermore, it
has been shown that the loading rate and the corresponding dy-
namic response may affect the stability features of the debonding
process and its severity. While some aspects of the process can
be reasonably assessed using a simpler static analysis, the results
presented in this study have shown that the dynamic aspects play
a critical role in the debonding failure of the FRP strengthened
beam. The quantiﬁcation of the dynamic effects due to the instabil-
ities involved with the debonding process, the evaluation of the
impact of the dynamic loading on the structural phenomena, and
the assessment of the ability of the layered structure to sustain
the dynamic response require a sound dynamic approach. The
model presented in this paper aims to take a step towards the
establishment of such approach and to contribute to the under-
standing of the debonding failure mechanism in the layered
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